Let f be a positive smooth function on a closed Riemann surface (M, g). The f -energy of a map u from M to a Riemannian manifold (N, h) is defined as
Introduction
In this paper we are concerned with the bubbling location for a sequence of approximate fharmonic maps from a closed Riemann surface into a compact Riemannian manifold. We have ever considered the same problem on a Palais-Smale sequence of f -harmonic maps in a previous paper [L-W] . Now, let us recall some notations on f -harmonic maps. Let (M, g) be a closed Riemann surface and N be a closed submanifold of R n . Given a smooth positive function f on M and a map u ∈ W 1,2 (M, N ) = {u : u ∈ W 1,2 (M, R n ), u(x) ∈ N for a.e. x ∈ M }, we define the f -energy of u as
where |∇u| 2 = g ij n k=1
∂u k ∂x i ∂u k ∂x j . The L 2 -gradient of E f is τ f (u) := f τ (u) + ∇f · ∇u, which is called the f -tension field of u. Here τ (u) is the tension field of u which can be written as τ (u) = ∆ g u + A(u)(du, du),
where A is the second fundamental form of N in R n . It is well-known that Struwe [St] proved that the heat flow for harmonic maps from a compact surface exists globally and is smooth except for a finite number of bubbling points (singular time), and also showed that the energy inequality holds true at every singular point. Precisely, let u : M × (0, +∞) → N is a weak solution to the heat flow ∂u ∂t = τ (u) and (p, T ) is a singular point. We may assume that for some t 0 ∈ (0, T ) and a neighborhood V of p, u is smooth on V × (t 0 , T ) and u(·, t) → u(·, T ) smoothly as t goes to T from left. By picking a suitable sequence t i and rescaling u(·, t i ) properly near p, we know that there exist finitely many bubbles w j : S 2 → N , 1 ≤ j ≤ j 0 , such that lim t i →t E V (u(·, t)) ≥ E V (u(·, T )) + j 0 j=1 E(w j ).
Qing [Q] proved that the energy inequality is just an identity at singular time for the case the target manifold N of the heat flow is a standard sphere. Later on Ding and Tian proved that the energy identity for a sequence of approximate harmonic maps {u i } holds true for every bubbling point. So called an approximate harmonic map sequence in [D-T] means that {u i } is contained in W 2,2 (M, N ) and satisfies E(u i ) ≤ C and τ (u i ) L 2 ≤ C for some constant C. The results of Ding and Tian also imply that the energy identity holds true for every singular point of the heat flows from surfaces into a compact manifold (see also [Lin-W] ).
For f -harmonic maps from a compact surface, we have ever proved that if a P.S. sequence of E f blows up at a point p, then p must be the critical point of f in [L-W] . This is also proved by Course [C] independently. In this paper, we are interested in two classes of approximate fharmonic map sequences. One is a sequence of maps u ∈ W 2,2 (M, N ) with bounded energy and τ f (u) L 2 (M ) , the other is so called Sacks-Uhlenbeck's approximate f -harmonic map sequence (see (1.4)). We will show that the method in [L-W] is also available to prove some similar results on bubbling location and energy identities for these approximate f -harmonic map sequences.
Recall that the well-known removal singularity theorem for harmonic maps from surfaces has long been established by Sacks and Uhlenbeck [S-U] by using a class of piecewise smooth harmonic functions to approximate the weak harmonic map. Here, we would like to give a slightly different proof of the following removal singularity theorem since the results of the theorem will play an important role on our discussion in this paper as in [L-W] . Theorem 1.1. Let B be the unit disc in R 2 centered at the origin. If u : B \ {0} → N is a W 2,2 loc (B \ {0}) ∩ W 1,2 (B) map and satisfies the following equation:
then u may be extended to a mapũ ∈ W 2,2 (B, N ).
Now we set u k to be a sequence which satisfy the following equation
We define
Usually, we say x is a bubbling point (or blowup point) for the sequence {u k } if and only if x ∈ S. By -regularity (see Lemma 2.1), for any x 0 ∈ S, we have
, for any r > 0.
Thus S contains only finitely many points.
Then by the result of Ding-Tian's [D-T] , we have the following energy identity:
where p is a blowup point, and w i (i = 1, · · · , m) are bubbles.
Now we state our main results on the above map sequence as follows:
) be a closed Riemann surface, and N a compact Riemannian manifold embedded isometrically in R K . Let f be a smooth positive function on M . Suppose that u k ∈ W 2,2 (M, N ) is a sequence of maps which satisfy (1.1) and (1.2). Moreover, we assume that
Then after passing to a subsequence, we have
where δ p is the Dirac measure based at p. This means that, for any V ∈ C ∞ (M, T M ), we have
Directly, we have the following corollary:
Corollary 1.4. Under the assumption of the above theorem, we set p to be a blow-up point of the sequence u k , then, either p is a critical point of f or a point where the following holds
Here, B r (p) is a geodesic ball with radius r and centered at p. 
holds simultaneously? Now, we turn to another approach to obtain f -harmonic maps, i.e., Sacks-Uhlenbeck approximation. Similarly, one employs also a sequence of corresponding α-f -harmonic maps, which is defined by almost the same way as in [S-U] , to approximate an f -harmonic map. Concretely, we define the α-f -energy as
where α > 1. A critical point of E α is called as an α-f -harmonic map, which satisfies the following equation
It is not difficult to see that E α,f (u) satisfies the Palais-Smale condition in Banach manifold W 1,2α (M, N ) as α > 1. So, one can easily find some α-f -harmonic maps from M into N by the standard critical point theory. By similar arguments with that of Sacks and Uhlenbeck, we know that, if u α i (α i → 1) is a sequence of α-f -harmonic maps with bounded energy, i.e.,
Theorem 1.5. Let (M, g) be a closed Riemann surface and N a compact Riemannian manifold. Let f be a smooth positive function on M . Suppose that H be a fixed homotopy class of maps from M into N and u α be a minimizer of E f,α in the set W 1,2α (M, N ) ∩ H. Then, when α → 1 there exists a subsequence {u α } and f -harmonic map u 0 such that {u α } converges to u 0 weakly in W 1,2 (M, N ) and blows up at finitely many points {p i : i = 1, 2, · · · , m} which must be the subset of the minimal point set of f . Moreover, associated with each {p i } there exist finitely many harmonic maps w i j from S 2 into N , j = 1, 2, · · · , i 0 , such that
Here, |M | is the area of (M, g).
This paper is organized as follows: In section 2 we give a slightly different proof of the removal singularity theorem due to Sacks and Uhlenbeck. We show the bubbling location of a sequence of maps with bounded energy and L 2 bounded tension field in the section 3. We discuss the Sacks-Uhlenbeck approximation of an f -harmonic map and show the energy identity for the convergent subsequence of α-f -harmonic maps in the section 4.
Removable singularity
In this section, we discuss the issues on the removable singularity of a class of approximate harmonic maps from M into N . For the sake of convenience, we will always assume the metric g = (dx 1 ) 2 + (dx 2 ) 2 . Let us recall the following Lemma 2.1. Suppose that u ∈ W 2,2 (B, N ) satisfying
Then there exits 0 > 0 such that if B |∇u| 2 ≤ 2 0 we have
Hereū is the mean value of u over the unit disc.
Proof. cf [S-U], or [D] , or [D-T] .
2
Using the standard elliptic estimate, we can derive from the above lemma Corollary 2.2. Under the assumption of Theorem 1.1, we have
for any r < 1 4 . In order to prove Theorem 1.1, We need to establish the following lemma.
Lemma 2.3. Under the assumption of Theorem 1.1, we have
for any 0 < t < 1. 
In terms of the above identities we get
Furthermore, for any r > 0, we have
Hence, we can find t k → 0, s.t.
Letting t = t k , and k → +∞, we get
This implies the desired inequality.
Lemma 2.4. Assume that u admits the conditions in Theorem 1.2. Then, there are constants
Proof. Without loss of generality, we may assume E(u, B) < 0 . Let u * (r) : (0, 1] → R K be a curve defined as following
For any a < b, we have
Moreover, by Corollary 2.2 we have
then for any 1 > 0, we are able to find sufficiently small δ, s.t. for any r ∈ (0, δ), there holds
Now, we use u * to estimate energy of u. It follows from Lemma 2.3 that
On the other hand, we have
(2.4)
If we assume t k satisfies (2.1), then we get
Hence, it follows from (2.3), (2.4) and the last inequality
Now, we choose > 0 such that 1 A L ∞ is small enough, then, by combining (2.2) and (2.5) we infer that following inequality holds true
where λ is a positive constant which is smaller than 1.
then we have λh(r) < rh (r) + Cr.
Hence,
By integrating the above differential inequality over the interval [r, δ] and noting the fact λ < 1, we obtain
where C is independent of r. Thus, we complete the proof of the lemma.
The proof of Theorem 1.1: First, we prove that, for some s > 1, there holds
Let r k = 2 −k and v k = u(r k x). Then we get τ (v k ) = r 2 k g(r k x). By Lemma 2.1, we have
where s > 1. Then, we have
When k is large enough, we have
and
Therefore, there holds
So, we obtain
When 2s − 2 < λ 2 and k is large enough, it is easy to see
Then we get
Next we want to prove u is a weak solution of τ (u) = g in B.
Let η be a cut-off function which is 1 in (1, +∞) and 0 on (−∞, 1/2). Then, for any smooth ϕ ∈ C ∞ 0 (B), we have
Letting δ → 0, we get
Hence, we get
Now, we are the position to prove u ∈ W 2,2 (B). Let v ∈ W 2,s (B) be the solution of ∆v = A(u)(du, du) + g, v| ∂B = u| ∂B .
Since u − v is a weak harmonic function which is 0 on the boundary of B, we get u ≡ v in B. This means u ∈ W 2,s (B). Hence, we know |∇u| ∈ L 2s 2−s (B). Then, the standard elliptic theory tells us that u ∈ W 2, s 2−s (B). Using the bootstrapping technique we get u ∈ W 2,2 (B).
3 The proof of Theorem 1.3
We assume u k ∈ W 2,2 (M, N ) satisfy (1.1), (1.2) and (1.3). Put p ∈ S. Without loss of generality we may assume that there exists only one blowup point in B and it is just the origin (0, 0).
By the -regularity, after passing a subsequence, we have u k → u in W 1,p (Ω, N ) for any Ω ⊂⊂ M \ S and p > 1, hence we have
It follows from Theorem 1.1 that u ∈ W 2,2 (M ), and then |∇u| ∈ L p for any p > 0. Now, pick up a point p ∈ S. We may assume g = dx 2 + dy 2 in a complex coordinate chart N around p. Without the loss of generality, we still assume that p = (0, 0),
Take a cut off function σ ∈ C ∞ (R) which evaluates 1 on [− 
where {e α } is a local orthonormal basis of T M . Since
By a direct computation, we have
We setQ = supp(σ (x)σ(y)) ∪ supp(σ(x)σ (y)),
Obviously, we haveQ
By taking a subsequence, we have
2 )). Then applying (3.1) and (3.2), we get
First, we note the left hand side of the above identity satisfies
If we choose q to be very big s.t. 1 − 2 q > 0, then we have
By the same way, letting
For any given smooth vector field V , on Q we may write V by
where a and b are constants. We have
One is easy to check that
hence, after passing a subsequence, we have
2 4 Sacks-Uhlenbeck approximation , In this section we discuss the convergence behavior of a Sacks-Uhlenbeck approximate sequence for an f -harmonic map from M into N . It is easy to see that, by using the similar arguments with that Sacks and Uhlenbeck took in [S-U], we also have the -regularity theorem holds true for α-f -harmonic map. If a sequence {u α } satisfying (1.4) with sup α E α,f (u) < +∞, then, as α → 1, u α will subconverge smoothly away from finitely many points (which are called blow-up points) to a smooth f -harmonic map u 0 as the removal singularity theorem also holds true for the present case. Around a blow-up point p, the energy will concentrate, i.e., there holds lim
Moreover, we can find sequences lim
where all w i are non-trivial harmonic maps from S 2 to N , and A i is a finite set. In order to prove Theorem 1.5, we need to calculate the variation formula of E α . Take an 1-parameter family of transformations {φ s } which is generated by a vector field X. If we assume X is supported in B, then we have
where {e α } is a local orthonormal basis of T B. Noting
we have proved the formula
Similar to the arguments in the above section, we put X = σ(x)σ(y)
Notice that u α converges to u 0 smoothly on
Using the same arguments as in the previous section, we get
This then leads to the following Theorem 4.1. Let (M, g) is a closed Riemann surface and (N, h) is a compact Riemannian manifold. Let f be a smooth positive function on M . Assume u α be a sequence of maps from M to N which satisfy the equation (1.4) and sup α E α,f (u) < +∞. If u α blows up as α → 1, then the blowup points must be critical points of f . Now we are the position to prove Theorem 1.5 which is the main task of this section.
Proof of Theorem 1.5: We set
E α,f (u), and β = lim α→1 β α .
By the arguments of Ding-Tian [D-T] , we only need to prove the case m = 1, where m is the number of bubbles. The general case can be deduced from induction. On a normal coordinate system around p with p = (0, 0), we set that
Obviously, we have
First, we show that
Also by the arguments of Ding-Tian [D-T] , we know that for any > 0, there are δ and R, s.t. when α is close to 1 enough,
In view of (4.3), we can employ the -regularity theorem to obtain osc B 2t \Bt(xα) u α < C , ∀t ∈ (Rλ α , 2δ).
Now we set is a sufficiently small constant. For any fixed R and δ, we may assume that
Let γ α : [0, δ] → N be a smooth curve, connecting w(∞) and u 0 (p), which satisfies
Here, we always assume α is close to 1 sufficiently such that 16Rλ α < δ.
We choose a normal coordinate system {Ω; (y 1 , y 2 , · · · )} of N around point u 0 (p) with u 0 (p) = (0, 0, · · · , 0). Then u 0 can be considered as a map from B 2δ to Ω with u 0 (0) = 0. In this sense, we define
where η : [0, +∞) → [0, 1] is a smooth real function satisfying
It is easy to check
Next, we choose a normal coordinate system {Ω; (ỹ 1 ,ỹ 2 , · · · )} of N around the point w(+∞) with w(+∞) = (0, 0, · · · , 0). In this coordinate system, for R large enough such that w(x) ∈Ω as |x| ≥ R we define the following map from R 2 into N w
Then, we have
whenever R is sufficiently large, and
as (α − 1) is small enough and R is large enough.
We also need to define the following map
From the previous argument we know that u δ 0 (x) = u 0 (p) when |x| ≤ 2 3 δ. Therefore, the above map is well defined when α − 1 is small enough such that when x ∈ B δ 2 (x α ) we have |x| ≤ 2 3 δ, i.e. x ∈ B 2δ 3 (p). Moreover, it is easy to check from the above argument and the definition of u R,δ,λα that u α − u R,δ,λα L ∞ < whenever R is sufficiently large, (α − 1) and δ is sufficiently small. Hence, we know u R,δ,λα is homotopic to u α , denoted by u α ∼ u R,δ,λα . Define a smooth map 
whenever |x α | is sufficiently small. C γ 2 L ∞ δ 2 log δ − log Rλ − log 4 . Now, we fix an α which is sufficiently close to 1. Choosing sufficiently small δ, and sufficiently large R and then sufficiently small λ, we will get
We can also verify that as α > 1 is close to 1 enough there holds
Hence, we obtain 2β α ≤ 2E f (u 0 ) + 2f (p)E(w) + |M | + 2C .
Letting α → 1 and → 0, we get 2β ≤ 2E f (u 0 ) + 2f (p)E(w) + |M |.
Therefore, we conclude that (4.2) holds true.
Next, we prove that p is a minimal point of f . Assume this is not true. Then we can find p s.t. f (p ) < f (p). Put l : [0, 1] → M to be a curve connecting l(0) = p and l(1) = p . Suppose that {e 1 (t), e 2 (t)} is an orthonormal basis of T l(t) with ∇ ∂l ∂t e i = 0. We set γ s (t) = γ α (t(1 + s)δ), t ∈ [0, 1 s+1 ], u 0 (l((s + 1)t − 1)), t ∈ [ 1 s+1 , 1]. Then γ 1 (t) is a curve connect u(p ) and w(+∞).
For each s, we take the normal coordinate system {U s ; (x 1 , x 2 )} around l(s) s.t. l(s) = (0, 0) and e 1 (s) = ∂ ∂x 1 (0,0) , e 2 (s) = ∂ ∂x 2 (0,0) . It is well-known that such a coordinate system is determined uniquely. Further, we choose a normal coordinate system {Ω s ; (y 1 , y 2 , · · · )} of N around point u α (l(s)) with u α (l(s)) = (0, 0, · · · , 0). In U s , we define 
